The four-body contribution of the model-independent radiative corrections to the Dalitz plot of the semileptonic decays of neutral kaons are computed to order (α/π)(q/M1), where q is the momentum transfer and M1 is the kaon mass. The final result is presented in two forms. The first one is given in terms of the triple integration of the bremsstrahlung photon ready to be performed numerically; the second one is a fully analytical expression. This paper is organized to make it accessible and reliable in the analysis of the Dalitz plot of precision experiments involving kaons and is not compromised to fixing the form factors at predetermined values. As a byproduct, gathering together three-and four-body contributions of radiative corrections yields, through a least-squares fit to the measured kaon decay rates, the value f K 0 π − + |Vus| = 0.2168(3).
I. INTRODUCTION
Kaon semileptonic (K l3 ) decays play a leading role in the determination of the Cabibbo-Kobayashi-Maskawa (CKM) matrix element |V us |. Unlike baryon semileptonic decays where both vector and axial-vector currents participate with the introduction of six form factors, K l3 decays are well described with only two vector form factors. An extra complexity is added by SU(3) symmetry-breaking effects unavoidably present in these form factors. While there are large uncertainties due to first-order symmetry-breaking corrections in the axial-vector form factors, the vector ones are protected by the Ademollo-Gatto theorem [1] against SU(3)-breaking corrections to lowest order in (m s −m). As a result of this fortunate situation, the accuracy on |V us | is approaching the 1% level.
An important source of systematic errors of theoretical nature also to be considered in a precise determination of |V us | is the inclusion of radiative corrections (RC). The RC to the Dalitz plot (DP) of K l3 decays have been dealt with in previous works [2] [3] [4] to order (α/π)(q/M 1 ), where q is the momentum transfer and M 1 is the kaon mass. Specifically, for charged kaons the so-called three-and four-body regions of this DP were considered in Refs. [2] and [3] , respectively, whereas for neutral kaons only the three-body region was considered in Ref. [4] . Hereafter, these regions will be loosely referred to as TBR and FBR, respectively. The distinction between these two regions is discussed in detail in Ref. [2] so unnecessary repetitions will be avoided here; suffice it to say that the FBR is present when real photons cannot be discriminated in an experimental analysis. Thus, in the calculation of bremsstrahlung RC a clear distinction between these two regions should be kept.
The aims of the paper are twofold. The first one is to extend the analysis of Ref. [4] in order to calculate the FBR contribution of the RC to the DP of K 0 l3 decays, on the same footing as Ref. [3] ; this completes the calculational program about RC in K l3 decays initiated in Ref. [2] . The second and most important one is finally the implementation of the full RC of order (α/π)(q/M 1 ) towards the determination of |V us |. A word of caution is in order. It is assumed here that the form factors can be extracted from either experiment or lattice QCD simulations or by another approach, and thus they are not considered in the analysis; their model-independent parts contain information only on QED. Under this premise, the determination of |V us | can be unambiguously achieved.
The organization of the paper is as follows. In Sec. II the notation and conventions are first settled down; next the triple integrals over the bremsstrahlung photon are properly identified and are left ready to be performed numerically. Gathering together partial results yields a preliminary expression for the FBR contribution to the DP. In Sec. III those integrals are computed analytically using general properties of the integrands under rotations. This is indeed a remarkable achievement because it allows one to construct a fully analytical expression for the DP of K 0 l3 decays including RC of order (α/π)(q/M 1 ). In Sec. IV the RC are incorporated into the total decay rate of K l3 decays by collecting all partial results of previous works [2] [3] [4] . At this stage, a numerical comparison between the theoretical expressions so obtained and the available experimental data [5] is possible in order to extract information about the only free parameter left, namely, the product f
Thus, a proper determination of f + (0) would result in a precise value of |V us | from K l3 decays. In Sec. V a summary and some closing remarks are provided.
II. THE FOUR-BODY CONTRIBUTION OF RC IN
The bremsstrahlung RC is a four-body decay whose DP covers entirely the three-body decay
The notations and conventions can be found in Ref. [2] . Put succinctly, the four-momenta of K 0 , π − , l + , and ν l are
The nonzero masses of the first three particles are M 1 , M 2 , and m, respectively.
For definiteness, the four-body decay to be considered here is denoted by
where γ represents a real photon with four-momentum k = (ω, k). Simple relations can be obtained for the energy and threemomentum of the neutrino for processes (1) and (2), namely,
Furthermore, if the calculation is performed in the center-of-mass frame of the kaon, then
The calculation of bremsstrahlung in the FBR is rather straightforward because the amplitude M B keeps the same structure as the one given for the TBR in Eq. (27) of Ref. [4] , except for the fact that it is now infrared convergent. Only a couple of minor modifications are required. The first one has to deal with replacing the upper limit of the integrals over the variable y =p 2 ·l of Eqs. (64), (67), and (68) of this reference-this limit becomes one-and the second one has to deal with replacing the previously infrared-divergent integral I 0 with the convergent one defined as
where
With these simple changes, the differential decay rate in the FBR becomes
where G F is the Fermi constant. The function A 0 is already defined in Eq. (7) of Ref. [4] whereas the function A ′ BF n is given by
Similarly, the functions Λ iF n read
Λ 4F n,5F n,6F n = p 2 l 4π
and
where the b jk factors can be found in Ref. [4] . At this point, the nine integrals Λ iF n , Eqs. (9)- (11), and I 0F n , Eq. (3), can be performed numerically to make up Eq. (4), which constitutes the first final result for the FBR of the DP of K 0 l3 decays. However, it is even possible to perform analytically such integrals. In the next section, fully analytical results for this region of the DP will be provided.
III. ANALYTICAL INTEGRATIONS
The triple integrals pending in the functions I 0F n and Λ iF n can be performed analytically by exploiting the transformation properties of the integrands under rotations. In other words, a proper choice of orientation of the coordinate axes notably simplifies the task. A lengthy but standard calculation yields for I 0F n
Here L(x) is the Spence function and
Analogously, the fully analytical versions of the functions Λ iF n read
The functions θ kF (k = 1, . . . 16) are given in Ref. [6] and θ 19F , θ 20F , η 0F and ζ ijF are listed in Ref. [7] . The primed versions of θ kF and ζ ijF are found by making the replacement p 2 ↔ l, E 2 ↔ E, and M 2 ↔ m. Also, β = l/E and β 2 = p 2 /E 2 . Equation (4) can be rearranged as
The quantities A iF n are defined in Eqs. (6)- (8). Equation (32) is a fully analytic expression for FBR of the DP of K 0 l3 decays and constitutes the second main result of this paper. The complete DP for the decay K 0 → π − l + ν l , with model-independent RC up to order (α/π)(q/M 1 ), is thus given by
where dΓ TBR can be found in Eq. (87) of Ref. [4] and dΓ FBR is given in Eq. (32). For completeness, the numerical evaluations of RC for both TBR and FBR are provided in Tables I and II for 
IV. INROADS IN DETERMINING Vus
The present result (34) completes a calculational program for obtaining the RC to the DP of all K l3 modes (K = K ± , K 0 , l = e, µ) to order (α/π)(q/M 1 ) in a model-independent fashion. A compact expression can thus be written as
where C K is a Clebsch-Gordan coefficient (C K is 1/ √ 2 and 1 for charged and neutral kaons, respectively) and A 0 , A TBR , and A FBR are functions of the kinematical variables and depend quadratically on the form factors; the subscripts X attached to these A's denote the corresponding contribution to the DP: the 0 subscript refers to the uncorrected contribution whereas TBR and FBR are self-descriptive subscripts to denote contributions arising from RC. The quantity A 0 can be found in Ref. [2] . The quantities A TBR and A FBR are provided in Refs. [2] and [3] for charged kaons, respectively, and in Ref. [4] and the present analysis for neutral kaons, respectively. The different A X can be generically written as
where the A i amplitudes are straightforwardly obtained for the three cases as A X are. The primary aim of constructing Eq. (35) is to achieve a reliable determination of |V us |. For this purpose, an important matter is the unambiguous determination of all the inputs, in particular, the dependence on the square of the four-momentum transfer of the form factors. Quite often, analyses of K µ3 data assume a linear dependence of f ± on q 2 , namely [5] , where λ ± are the average slopes of the form factors. For most K µ3 data, a constant f − suffices. Recent analyses have introduced the form factors f + and f 0 , which are associated with vector and scalar exchange, respectively, to the lepton pair. In terms of f ± , f 0 is
or equivalently,
For f − constant, f 0 becomes
A common practice advocated recently by high-statistics experiments consists in including a quadratic term in the expansion of f + (q 2 ), namely [5] ,
where λ ′ + and λ ′′ + are the slope and curvature of the form factor, respectively. The differential decay rate in terms of the form factors f + and f 0 is thus
The B i amplitudes are related to the A i ones through
Now, integrating dΓ(K l3 ) over the energies of the emitted charged lepton and pion, restricted to the appropriate kinematical region, yields the total decay rate Γ(K l3 ); it can be written as
where S ew = 1.0232 (3) is the short-distance electroweak correction. Notice that the form factor f
is used to normalize the form factors of all channels. Isospin-breaking corrections are thus accounted for in the factor ∆ Kπ SU (2) , which is defined by
A detailed analysis [8] yields
which is the value actually used here. On the other hand, the function I(λ
(47) can be worked out to get
For numerical purposes, the values of slopes and curvatures of the form factors to be used here are the ones determined in Ref. [8] , namely,
and µ-e universality will be assumed throughout the analysis. The various h m coefficients in Eq. (50) are made up of three terms, which arise from the different contributions to the DP, in the same spirit as the A X quantities discussed above; explicitly,
The generic quantities h X m are defined by
whereas D in the FBR is delimited by
The h m coefficients can be computed once and for all by means of numerical integrations; they are listed in Tables III and IV  for Table VI for the sake of completeness.
Without further ado, a global fit to data yields
with χ 2 = 3.1 for five degrees of freedom. It is important to remark that the quoted error comes from the fit only and does not include any theoretical uncertainty. The best-fit value Eq. (68) is in very good agreement to the values 0.21673 ± 0.00059 and 0.2163 ± 0.0005 presented in Refs. [9] and [8] , respectively. The former was obtained primarily from K L mesons while the latter was obtained within a global analysis of leptonic and semileptonic data.
Recent lattice QCD estimates of f
(0) can be found in the literature. A selection of them can be found in Refs. [10] [11] [12] . Using these estimates, the corresponding values of |V us | are provided in Table VII . All in all, these values are in complete agreement with the one suggested in Ref. [5] .
Some interesting features of the analysis can be better appreciated in Table VI . For each decay mode, apart from Γ exp , the predicted decay rate Γ th along with the contributions that constitute it are also listed. RC represent a small fraction of the total Collaboration f
Vus JLQCD [10] 0.959 ± 0.008 0.2261 ± 0.0019 Fermilab Lattice and MILC [11] 0.9704 ± 0.0033 0.2234 ± 0.0018 RBC/UKQCD [12] 0.9685 ± 0.0037 0.2239 ± 0.0009 decay rate; they amount to −0.26%, −0.18%, 0.60%, and 0.98% for K
, and K 0 µ3 decays, respectively. Isospinbreaking corrections, on the other hand, play a leading role in the first two processes because they represent a non-negligible 5.14% of Γ th .
V. CLOSING REMARKS
As it was pointed out in the introductory section, the present paper completes a calculational program of RC to the DP of K l3 decays to order (α/π)(q/M 1 ), for both charged and neutral kaons and whether the emitted charged lepton is an electron or a muon. The effects of the so-called three-and four-body regions of this DP have been accounted for.
It has been shown that the analysis of RC in K l3 decays can be made in a general unambiguous fashion by extending the gauge-invariant approach originally introduced by Sirlin [13] to study the RC to neutron decay. On general grounds, the RC are separated into model-independent and model-dependent parts. The former is finite in the ultraviolet and fully contains the infrared divergence. The latter can be totally absorbed into the already existing strong-interaction form factors, without introducing new ones. The price for this is that the measured form factors will be not the pure strong-interaction form factors but new ones which are modified by the model dependence of RC. This is not a drawback, however, because strictly speaking it is only these modified form factors that can actually be experimentally determined. The resolution of which part of them is due to strong interactions only and which part belongs to RC is a theoretical issue.
Following the lines of previous works [2] [3] [4] , in the present analysis the FBR contribution of the RC to the DP of neutral kaons is obtained. The first result is provided by identifying all the triple integrals over the bremsstrahlung photon, which could be considered as final if numerical integrations are performed. However, it is also possible to proceed further and perform such integrals analytically, which constitutes the second result of this work. This leaves the complete calculation on the same footing as the ones of previous works [2] [3] [4] .
Indeed, the most important contribution of this paper is to show how to incorporate the full RC of order (α/π)(q/M 1 ) to the DP of K l3 towards a reliable determination of |V us |. The analysis is performed by comparing the theoretical expression for the decay rate against the experimental information available [5] . The comparison is made through a least-squares fit for the only parameter left, namely, f K 0 π − + (0)|V us |. The fit yields χ 2 = 3.1 for five degrees of freedom for f K 0 π − + (0)|V us | = 0.2168 ± 0.0003, which can be compared to the values determined in Refs. [8, 9] .
Recent lattice QCD estimates of f K 0 π − + (0) can be found in the literature [10] [11] [12] , which would allow one to evaluate |V us |. With the advent of more refined simulations, or even new or improved data the accuracy in |V us | can be also improved. The RC presented here and in previous works [2] [3] [4] can be useful in such a task.
